Abstract. We introduce a new invariant of manifolds associated with a kind of decompositions of manifolds.
(⋆) An arbitrary compact connected m-manifold M with boundary is a boundary union of finite numbers of manifolds each of which is an element of S.
We can consider the case where M is oriented. We can also do the case where the diffeomorphism type (resp. the homeomorphism type) of ∂M is restricted. We may do other cases.
It is trivial that the answer is affirmative if m ≦ 2. String theory uses the fact that the m = 2 case has the affirmative answer, discussing the world sheet (see e.g. [1, 3] ).
At least, to the author, a motivation of this paper is the following: In QFT, each Feynman diagram is made by the given fundamental parts. In string theory a world sheet (so to say, 2-dimensional Feynman diagram) is decomposed into a finite number of 2-manifolds as stated above. In M-theory we may need high dimensional Feynman diagrams (see P. 607, 608 of [5] and see [1, 3] etc.). Considering high dimensional Feynman diagrams, we need to research a kind of decomposition of manifolds, e.g. in Problem 1.2.
In §6 we prove that the answer to Problem 1.2 is negative if m ≧ 3 and if each element of S has more than three connected boundary components.
A new invariant
We introduce a new invariant in order to discuss the m ≧ 3 case of Problem 1.2. 
δ).
The order satisfies the following: Let µ be a natural number ≦ δ.
Take an ordered handle decomposition H O (M, A). (M, A) ) be the maximum of Σ * =m−1 * =0 dimH * (E µi ; R) for i ∈ {1, ..., ξ µ }. We sometimes abbreviate e µ (H O (M, A) ) to e µ . Let ν (H O (M, A) ) be the maximum of {e 1 , .., e δ }.
Note. By the definition, ν(M) is an invariant of diffeomorphism type of M. If we consider ν(M) for all smooth structures on M, we get an invariant of homeomorphism type of M.
is not the Euler number of E µi . Their definitions are different. 
By the induction, we have a corollary.
The answer to the m ≧ 3 case of Problem 1.2 is negative if the following Problem 2.5 has the affirmative answer.
Problem 2.5. Let m be an integer ≧ 3. Suppose that there is an m-dimensional compact connected manifold X. Take any natural number N. Then is there an m-dimensional compact connected manifold M such that ∂M = ∂X and that
In particular, consider the ∂X = φ case.
Note. If we do not fix the diffeomorphism type of ∂M, it is easy to prove that there are manifolds M such that ν(M) ≧ N. Because: Examples are manifolds M made from one 0-handle h 0 and N ′ copies of h 1 , where N ′ ≧ N.
Proof of Theorem 2.2 and Claim2.4
Proof of Theorem 2.2. By the definition of
Suppose that an ordered handle decomposition
where the restriction of
. That is, we have an ordered handle decomposition
Here, note that l(i) = h(i)(i = 1, ..., α), and that l(j) = k(j + α)(j = 1, ..., β). Proof of Theorem 4.1. There is an ordered handle decomposition Proof of Theorem 4.2. There is an ordered handle decomposition
There is an integer µ such that
, where l ∈ {0} ∪ N. We suppose that m − 1 ≧ p ≧ 1 and we deduce a contradiction.
. By Poincaré duality and the universal coefficient theorem, H * (X; R) ∼ = H m− * (X, ∂X; R). Since ν(H O ) = 2, H * (∂X; R) ∼ = H * (S m−1 ; R). Hence we have the following.
dimH * (∂X; R) = 4. Hence ν(M) = 2. We arrived at a contradiction. Hence p = 1. Hence H 1 (X; R) ∼ = 0.
Consider the Mayer-Vietoris exact sequence: H * (∂X; R) → H * (X; R) → H * (X, ∂X; R). By this exact sequence and H 1 (X; R) ∼ = 0, we have H 1 (X, ∂X; R) ∼ = 0. Hence m−p = 1.
By this exact sequence, H * (∂X; R) ∼ = H * (S m−1 ; R), and p ≦ m−2, we have that the homomorphism H p (X; R) → H p (X, ∂X; R) in the above exact sequence is an isomorphism. Hence we have m − p = p. Hence m = 2p. Hence m is even. Hence m = 4k + 2. Hence p = 2k + 1. Then, for any p-chain γ, the intersection product γ · γ = 0. Hence we have that the homomorphism H p (X; R) → H p (X, ∂X; R) in the above exact sequence is the zero map. We arrived at a contradiction (in the case where m = 4k + 2). Hence p = m. 
Note that there is a boundary union 
There is a handle decomposition
Even if we give this handle decomposition any order and get an ordered handle decomposition H O , we have ν(H O ) = 4. Hence ν(M) = 4.
3-manifolds and our new invariant
Suppose M is a 3-dimensional connected closed oriented manifold. Then, by the definition of ν(M) and that of the Heegaard genus of M, we have (the Heegaard genus) × 2 + 2 ≧ ν(M). It is natural to ask whether ν(M) = (Heegaard genus) × 2 + 2 is true if M is prime. It is not true in general. Let N be S 1 × (T 2 −(an embedded open 2-disc)). We can regard M as the double of N. There is an ordered handle decomposition H O (M) to consist of h (1), ..., h(6) with the following properties: 
The solution of a special case
We prove that the answer to Problem 1.2 is negative if m ≧ 3 and if each element of S has more than three connected boundary components.
We suppose that the following assumption is true, and deduce a contradiction. If the answer to Problem 7.1 is affirmative, then the answer to Problem 2.5 is affirmative (in the closed manifolds case, which would be extended in all cases). By using a manifold whose fundamental group is so complicated as above, we may solve Problem 1.2, 2.5. 
